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Abstract

Semi-invariants for the linear parabolic equations with two independent
variables (time variable ¢ and space variable x) and one dependent variable
u are derived under the transformation of the independent variables, by using
the infinitesimal method. We also obtain the joint invariant equation for the
above-mentioned equation under equivalence transformation. In fact, we
prove a necessary and sufficient condition for a (1 + 1) parabolic equation
to be reducible via a local equivalence transformation to the one-dimensional
classical heat equation. This result provides practical criteria for reduction.
Finally, examples of (1 + 1) Fokker—Planck equations from applications are
given to verify the results obtained.

PACS numbers: 02.30.Hq, 04.20.Jb

1. Introduction

The Fokker—Planck (FP) equation was derived by Fokker [9] and Planck [22] for the distribution
function describing Brownian motion. The Boltzmann equation, which was the first equation
of motion derived for the distribution function of a dilute gas in position and velocity space,
reduces to the FP equation in a system in which one particle is very large compared to the others.
The FP equation is merely an equation of motion for the distribution function of fluctuation in
a stochastic way. Mathematically, the FP equation is a linear second-order partial differential
equation of parabolic type. Generally speaking, it is a diffusion equation with an additional
first-order derivative with respect to the x term. In the mathematical literature, the FP equation
is also called a forward Kolmogorov equation and describes the evolution of the transition
probability density for a diffusion process.

' Author to whom correspondence should be addressed.
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Besides kinetic theory, the FP equation models a wide variety of phenomena arising in
diverse fields: probability theory (describing the Markov process, an FP equation appears as
the master equation [16]), laser physics (the statistics of light may very well be treated by a FP
equation [1]), electronics (supersonic conductors, Josephson tunnelling junction, relaxation
of dipoles, second-order phase-locked loops [2, 8, 12, 25]), an optimal portfolio problem
[3], etc.

In the case of one space variable, to which we restrict ourselves here just for the sake of
simplicity, the FP equation is included in the parabolic equation

u; = alt, X ), + b(t, x)u +c(t, x)u (1)

where u is the unknown function, 7 and x are the time and space coordinates, respectively, and
a, b and ¢ are smooth functions of ¢ and x, assumed to be given.
The general one-dimensional FP equation is of the form [10, 23]

2 a2 80, 0w @
— = —— ,Oul+ - — , X)u
ot dx 2 9x2

where u is the probability density and A and B are the coefficients of drift and diffusion,

respectively.

Lie [18] first systematically investigated the symmetry properties of (1). He obtained
the complete group classification of parabolic equations of the form (1). As a matter of fact,
Lie provided all the canonical forms of parabolic equations (1) which admit nontrivial point
symmetries—he found four, namely, 0, 1, 3 and 5 symmetry cases apart from the trivial
symmetries of homogeneity and superposition. Lie also developed methods of integrability
of these equations.

Bluman and Cole [4, 6] used the Lie method to determine invariant solutions (also called
similarity solutions) of the classical heat equation which was later classified in Olver [20],
according to the optimal system of one-dimensional subalgebras. Bluman [5] also found
the invariant solutions for (1 + 1) FP equations (1). Further, since an (1 + 1) FP equation is
a particular case of (1), every one-dimensional FP equation with a five-dimensional group
of Lie point symmetries can be locally transformed into the heat equation and vice versa.
This is a special case of Lie’s [18] result and is also contained in Bluman [7]. In other
words, all Fokker—Planck equations with a five-dimensional Lie group of symmetries form an
equivalence class of which the heat equation is the canonical member.

P S Laplace discovered the two semi-invariants # = a, + ab — c, k = by + ab — ¢, known
as Laplace invariants, in 1773 for the general linear hyperbolic second-order equation

U +alt, xu, + b, x)uy +c(t, x)u =0

with two independent variables #, x in his fundamental memoir [17] dedicated to the integration
theory of linear partial differential equations. These two quantities /, & remain unchanged
under the linear transformation of the dependent variable it = o (¢, x)u. They were utilized for
the group classification of the above differential equations [21] and to construct the Riemann
function for the Cauchy initial value problem by the Lie group-theoretical method (see [13]).

Recently, it has come to our knowledge that Ibragimov [15] showed by the infinitesimal
method that equation (1) has the second-order semi-invariants

a, d, Ay, Qgry Arx, Ay

K = (a, — Ady, + af)b — %bzax + (ab — aa,)b, — ab, + azb” — 2azcx 3)

under the transformation of dependent variables. He called the semi-invariant K, a Laplace-
type invariant. It is straightforward, having knowledge of K, to verify that K is indeed a
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semi-invariant for equation (1) under linear changes in the dependent variable by computing
K for (1) and K for the transformed equation (1). Both are equal to each other.

In this paper we obtain the joint singular invariant equation of (1) under changes of both
the dependent and independent variables, by the infinitesimal method. The outline of this
paper is as follows. Section 2 focuses on obtaining the semi-invariants for the parabolic
equation (1), i.e. the quantities remain unaltered under the transformation of independent
variables only. Section 3 is devoted to deriving the joint singular invariant equation under
equivalence transformations of equation (1). It is proved that a parabolic equation (1) is
locally equivalent, via equivalence transformations of equation (1), to the classical heat
equation if and only if the joint singular invariant equation is satisfied. We verify by physical
examples that any parabolic equation (1) satisfying the joint singular invariant equation is
equivalent to the heat equation. It is also pointed out that the Laplace-type invariant K is
not enough to reduce a parabolic equation to the heat equation. Concluding remarks are
made in section5. The appendix contains details of the calculations of the results given
in section 3.

2. Semi-invariants of the parabolic equations

In this section, we derive the semi-invariants for equation (1) under transformation of
independent variables. We begin the section by stating some preliminaries.

Let us recall that an equivalence transformation of equation (1) is an invertible
transformation 7 = ¢ (¢, x,u), x = @(t,x,u), i = ¥(t, x,u) which preserves the order
of the equation as well as the linearity and homogeneity. However, in general, the transformed
equation has new coefficients a, b,¢.

It is also known that the set of all equivalence transformations of the equation (1) is an
infinite group consisting of the linear transformations of the dependent variable

ii=o(t,x)u o(t,x)#0 “4)
and invertible changes of the independent variables of the form

1=¢(1) X =y, x) ¢ #0 Vx #0 (&)

where an overdot denotes differentiation with respect to ¢, ¢(¢), ¥ (¢, x) and o (¢, x) are arbitrary
functions and & is a new dependent variable. Two equations of the form (1) are said to be
(locally) equivalent if they can be related by an appropriate combination of the equivalence
transformations (4), (5).

Letus consider the semi-invariants of equation (1) under transformation of the independent
variables. These are combinations of the coefficients a, b, ¢ and their derivatives which remain
unaltered under the transformations of (5) alone. Let us define the generator of (1) by
X =¢g'( )8+§2(t )8+§8+§8+§ 0 2,0

= JX, U)— L X, U)— — — — —+Vv—+w—
a1 ox u, ouy M ouy,  aa ok “dc
where the functions u© = u(t,x,a,b,c),v=(t,x,a,b,c)and w = (t, x,a, b, c).
The symmetry operators are defined from an invariance condition
X(uy —a(t, x)ucy — b(t, x)uy — c(t, x)u)|qy =0
where the notation |(;) means evaluated on equation (1).
It gives us the determining equation

& = alyx + by + Uy, + VU, + 0U (6)
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on equation (1). We find from the formulae given, for example, in [14, p 217] that
& = —[ur(g’:rl + u,é;-‘ul) + Uy (?;rz + u,g-‘uz)]
G = —[ur (&) +ungy) +ua (87 +u287)]

2 2 242 2 2 1 1
Cor = — 2082 + U, &2 + 20282, + 3u U 2 + U2, + 2upE) + u 6l

)

+2u,uX§Xlu + (Ushyy + 2uxu,x)§u1 + u,uiéulu].
Here we consider the transformations of independent variables (not dependent variables) and
the coefficients a, b and ¢ of (1) induced by the independent variables.
Substituting equations (7) into equation (6) and replacing the term au ., by u;, — bu, — cu
(from (1)) and separating the coefficients of u,,, u,u,, u;, u, and the remaining terms, we
obtain the following equations:

=t =pt)  E=8x)=q(x)
uw =2aq, —ap; V = aqy +bg, — bp; — q; w = —cp;

where p(f) and ¢(¢, x) are arbitrary given functions.
From equation (8), the infinitesimal transformations on ¢ and x are

®)

f=t+ep(t) X=x+eq(t, x)
where € is a small parameter. Writing % = 1+€p(t) = ¢(1), one arrives at the transformation
r=¢@)
for ¢. In a similar manner, one can also obtain the transformation X = ¥ (¢, x) for x.
Equations (8) provide the generator for the infinitesimal changes in a, b and c:

0 0 0
X = Qaq, — ap))— + (aqcx + bg. — bp; — q;) — + (—cp;) —. 9)
da ob dc

The infinitesimal test X J = O for the invariants J(a, b, ¢) is of the form

aJ aJ aJ
(2aq, — ap;) — + (aq.x + bgy — bp; — q;) — + (—cp))— = 0.
da ab dc

Since p and ¢ are arbitrary functions, there are in general no relations between their derivatives;
the latter equation breaks up into the following three equations obtained by cancelling
separately the terms with g, ¢y, p;

oJ 0 aJ oJ

— = — =0 — =0.
ob da dc

Thus, there are in general no invariants J (a, b, ¢) other than J = const. However, the restricted
choice ¢ = ¢(7) results in a nonconstant J = H () for an arbitrary function H. In a similar
manner, one can obtain three other cases that result in nonconstant J.

Therefore, in general, one should look for, as the next step, the first-order differential
semi-invariants, i.e. the semi-invariants of the form J = J(a, a;, a; b, b;, by; ¢, ¢;, ¢;) Via
the once-extended generator (9)

0 0 d
X = (aq, — a[h)g + (agyx +bg, — bp; — q,)ﬁ + (_CPI)E

0 d
+2aiqc — 2a,p; +2aq,c — apy — axq;) — + (Axqy — axpr +2aq) —
day da

X

9
+(a1qxx + aqixx + bigx + bqix — qip — 2b;p; — bpy — bet)ﬁ
t

a
+ (axq,rx + aqxxx + qux - th - bez)
b,

0 0
+(—=cpu — 2¢,pr — cxq) — + (—Cepr — Cxqx) —.
dcy 0Cy
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The equation X J (a, a,, a,; b, by, by; c, ¢, ¢,) = 0, upon equating to zero first the terms with
Qixxs Gxxxs Gix, Pre and then those with gy, g, yields

8_] =0 97 =0 8_] =0 8_] =0

ob; b, da; dacy
and

aJ aoJ

0dy - b =0

respectively. Hence, J = J(a; c, c¢y). Now the terms with ¢,, p; provide the following system
of two equations:
aJ aJ aJ aJ aJ

20— —c¢c,— =0 a—+c—+c,— =0.
da dcy da dc 0Cy

= o

ac

One can readily solve these two equations of the system to obtain J = J(H), where H; =
provided that ¢ # 0.

The first-order differential semi-invariant has the coefficients a, ¢ and c,, the derivative of
¢ with respect to x, but does not contain the coefficient b and its derivatives. Therefore, the
first-order differential invariant H, alone is not sufficient to show that two parabolic equations
of the form (1) are equivalent under the linear transformations (5). So, we have to find the
second-order differential semi-invariants.

Let us consider the second-order differential semi-invariant of the form

o)

3

J(a5 Ay Ay, Qg Qpxy Ayxs ba bh bx’ blta btx’ bxx; C, Cty Cx, Ctt5 Ctx,s C)C)C)

for the twice-extended generator (9). Following in the same manner as above, one first arrives
at the equations

a7 aJ a7 aJ
o, 0 T ab. 0 b
Ctt tt tx Xx
(10)
aJ a7
aan aa,x abt

It follows from the equations (10) that J = J (a, a;, ay, a.x; b, by; ¢, ¢;, Cx, Cixy Cxx). Now the
equation X J = 0 is reduced to the following system of seven equations:

aJ oJ aJ oJ aJ aJ
a +2a —c— =0 2a— — —c— =0
ob, 00, Crx da, 0b, 0Csy
aJ aJ aJ aJ aJ aJ aJ
a—+c—+c,— =0 a—+2a +(b+ay)—+3a,— =0
da; dcy 0C;x ob day b, 0dyy
aJ aJ aJ aJ
Ay +Cx— + Cxx =
ab da; dacy 0C;x an
oJ aJ aJ aJ aJ aJ aJ
20— +b—+20;— +ay,— —Cy— — Cix— — 2, ,—— =0
da ab day, da, dcy 0Csy 0Cyx
aJ oJ aJ aJ aJ aJ
a—+b—+c—+2a,—+a,— + by —
da ob dc day da, ob,
aJ aJ aJ aJ aJ
+2c;— +ter—+an—+ 20—+ =
¢y 0Cy 0a,x ¢ty 0Cyyx

If we use the theory of systems of homogeneous linear partial differential equations of the first
order, one solves the system (11) to derive

J =J(H\, H)
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where H, is the same as we have found before, the first-order differential semi-invariant, and
H, is the second-order differential semi-invariant given by

2 +Cx ba, a?
Hy = S(c; +cane — 2cby —bey) + ot 22 4070 & (12)
C C ac ac ac

provided that a, ¢ # 0.

One can note that H, does not contain the terms c;,, ¢y, even though J is obviously a
function of these two and the others, as in the course of solving the system of seven equations
we had to separate the equation.

The necessary condition for local equivalence of two parabolic equations (1) for
¢ # 0 via transformations (5) of independent variables is that the semi-invariants H; and
H, for the two equations be the same. The sufficient conditions are deduced by constructing
transformations of the form (5).

Let us present some examples to illustrate the use of the above differential semi-invariants
under the transformations (5).

Example 2.1. Consider the equation u, = xu,, + %ux +u,witha=x, b= %, ¢ = 1, which

has H, = H, = 0. This equation is equivalent to the equation u, = u,, + u (this equation also
has H; = H, = 0) via the linear transformation7 = 7, ¥ = 2./x, it = u.

Example 2.2. Let us investigate the equation u, = fuy, +t%u, +tu, witha = t, b = 12,
¢ = t, which has differential semi-invariants H; = H, = 0. The above equation can be reduced
to the equation u, = u,, + u by means of the linear transformation 7 = %, X = % +Xx,0=u.

3. Singular invariant equation for parabolic equations

In this section, our objective is to find the joint differential invariant(s) for equation (1) under a
change of the equivalence transformation. We know from [15] that a, a,, a,, a,;, a;, a,, and
K are the non-zero differential semi-invariants under the linear transformation of dependent
variable (4). From equation (8) of section 2, we look for an operator of the form

X_éli'Ffzi‘l' i+vi+ i.,. i.,. i+ i.,. i
=59 ax  Maa T T aa T aay T van T dan T dany
d d d 0
+V— F V) — + VU —— O, —.
ab[ 8bx abxx acx
Then it follows that
Xa=pu Xa; = Xay = [y
(13)
Xaz‘t = MUt Xaz‘x = Mix Xaxx = Mxx XK =T

where
I = (=3K)p, + (aa.x — a, — a3) q; + BK)qx + aqy + (aa,)q.x
+ (—202)%” + (azax)QXxx + a3QXxxx (14)

and p, g are defined as in section 2. Again we construct a generator from equations (13) and
(14) in the space of the semi-invariants a, a,, a,, a,, a;., dy, and K:
il d 0 il il
X=X()—+X(a)—+X(a)— + X(ay) — + X(an) —
da da da da da

t X 1t tx

9 9
+X (@) —— + X(K)——
(@3 (K)3%

XX
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ie.
X = 8+ 8+ 8+ 8+ 8+ 8+Fa (15)
=M aa 1223 Ba, Mx aax 1%, aa” Mex aam Moxx aaxx BK
where [4;, Ly, [, ey and @, are given in the appendix which also includes the derivation of

the equations to obtain the joint differential invariants of equation (1).

Lemma 3.1. There are no first-, second-, third- and fourth-order joint differential invariants
for equation (1).

Proof. See the appendix. 0

If one solves the system of equations (A.3) of the appendix, using the theory of systems of
homogeneous linear partial differential equations of the first order, one will obtain the singular
invariant equation instead of a fifth-order differential invariant, namely
A=4aaK,, —5a.K,) — 12K(aam — Zaf) +a, (4aa,, — 9aj:)
— 12a,a, (a, + Zaf) +4a (3a, + 6af — Saam)a,x
+2aax(16a,axx — 12aafx + 15afaxx) —4a’a,, — 12a%a, a0y
—4a’a,., (Zar —4daay, + 3a§) + 807y — 4 dyryer = 0. (16)
The heat equation u, = u,, is of the form (1) with coefficients @ = 1, b = 0, ¢ = 0. It has the
Laplace-type semi-invariant (3), K = 0, and moreover satisfies the singular invariant equation
(16),i.e 2 =0.
It is straightforward to verify that the other canonical forms in Lie’s classification
A
Up = Uyx + —U Uy = Uy + Z(X)1 Uy = Uy + Z(t, X)u
X
where A # 0 is a constant and Z is an arbitrary function, have A # 0 for Z, # 0.
We have the following result.

Theorem 3.1. A necessary condition for the parabolic equation of the form (1) to be reducible
to the heat equation is that the singular invariant equation (16),i.e. & =0, with respect to the
group of general equivalence transformations (4) and (5 ), must be satisfied.

At this stage the question arises whether A = 0 is sufficient for a given equation of the form
(1) to be transformable into the heat equation.

We now verify that the equations (4) and (5) are equivalence transformations of equation
(1) and show the existence of such transformations once A = 0 for reduction to the heat
equation. One can proceed as follows. By the rules of derivatives, one obtains

D, = ¢(t) D; + ¥, Dx D, = Y Ds. (17)
Application of (17) to (4) yields

_ (ou; +uoy) Y (ouy +uoy) B 1
iy = - - - iy = —(Ouy +uoy)
¢ DV« Yy
v (18)
iz = _Z(Uu“ + 20Uy + UOy) — —X;(O'l/lx +uoy).

Substituting the above equations (18) into the equation if; = @iizx + bii; + ¢ii, one will arrive
at the following equations
2
a5 = Yx B(i,)z)z—.<b—2a3+a
¢ ¢ o
_ 1 o x :
E(t,)"c)=$<c—a(7 —ba—+2aa—x+i).

o o o2 o

%_ﬂ)

Vs U (19)
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Thus the transformations (4), (5) conserve the linearity and homogeneity.
Suppose that equation (1) has the symmetry generator

= t(t)—+$(t x) +17(t x)u% T #0.

This generator 1s transformable via canomcal coordinates into the translation symmetry
generator X = f The transformations are of the form

ar *
t=1(1t) X =x(t,x) ii=uw(, x)u.
It follows that
- /Z ds
= —_—.
o T(s)
Also we must have
T—+&E—=0 T—+&— = —no.
Then, equation (1) will reduce to
iy = a(X)iizz + b(X)itz + ¢(X)it
which admits the symmetry
9
Car
We now consider the equation without the bars, namely
U, = a(X) gy + b(x)uy + c(x)u

which has X = = as the symmetry generator. We find the transformation that reduces this
equation to the heat equation

1
N

i

~I

under (4) and (5): 7 = ¢(¢), X = ¥ (t,x),u = o(t, x)u. From the first equation of (19), we
have

Y = +¢'? +B(1)

X
/ va(x)
where B(f) is, for the moment, an arbitrary function, provided ¢ and a have the same sign.
Substituting the above equation into the second equation of (19), we obtain

b
ooy [ 50 3 (] ) e ] o

where v(¢) is as yet an arbitrary function.
Then inserting equation (20) into the third equation of (19), we arrive at the following

equations:
- "
—-8C) = ¢— -2 <f>
¢? ¢/

¢ . B
—4C, = W,B— (7(;) 1)
_C3 i+ﬁ+£
4¢ 4¢ v
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where Cy, C, and C5 are constants with C; given by
C, = al/z(al/zAx)x
where

bx bax Ay 3 612 b2
AG) = o— 22y 20 Gex DG D7 .
B ==t Y T 164 4a

Also, Cy, C, and Cj5 are constrained by the relation

-o-la(f 5) (] )

Equations (21) mean that the transformations (4) and (5) which reduce a given parabolic
equation (1) with A = 0 into the heat equation exist as one can obtain the solutions ¢, 8 and
v after finding the function A and the constant C;. The constants C, and C3 are also not
arbitrary and should be appropriately chosen utilizing the above constraining relation. This
completes the proof for the sufficient condition for the existence of equivalence transformations
(4) and (5).

It is opportune to remark that (21) provide the explicit transformations as given in
(4) and (5) (once A = 0 and A, C; are known as well as C, and C; are determined) for
the reduction to the classical heat equation for time-independent parabolic equations (1). If
A = 0 for parabolic time-dependent equations the above theorem guarantees the existence of
a point transformation that will reduce it to the heat equation. The proof of the theorem relies
on knowledge of a symmetry which is reduced to time translations via canonical coordinates
which in turn transform the parabolic equation to a time-independent parabolic equation.
However, in practice, once A = 0, one can find the transformation that will reduce the equation
to the heat equation without knowledge of a symmetry by solving equations (19). That is, one
will end up with

vt x) =+ | at, x) P dx + (1)

_ b(t, x) 1¢ dr 2
_ 1/4 __r -
o(t,x) =v()|a(t, x)| exp{/ a0 dx 84 </ a(t,x)1/2> (22)
1 B dx
:Fim a(t, x)1/?

where o satisfies

c(t,x)—a(ag—x)x+a(%)2—b<ag—x)+(g) =0 (23)

which needs to be solved for g8, ¢ and v.
In view of the above, we can state the following general results.

Theorem 3.2. A necessary and sufficient condition for a one-dimensional parabolic equation
(1) (which includes the one-dimensional FP equation) to be locally equivalent to the
classical one-dimensional heat equation is that the singular invariant equation (16) be
satisfied, i.e. A = 0.

Corollary 3.1. A one-dimensional parabolic equation (1) (which includes the one-
dimensional FP equation) admits a nontrivial five-dimensional symmetry Lie algebra of point
symmetries (in addition to the trivial homogeneity symmetry u% and infinite superposition
symmetries a% with a solving equation (1)) if and only if (16) holds, i.e. A = 0.
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4. Applications

It is worthwhile to provide the following examples to show the worthiness of the singular
invariant equation (16). All parabolic equations stated in the examples below have five
nontrivial Lie point symmetries apart from the homogeneity and superposition trivial
symmetries such as A = 0. Most of the transformations below are constructable from (21). In
example 4.8, the transformation is obtained via (22) and (23). It is worthwhile remarking that
there is more than one transformation which can reduce a given parabolic equation (1) to the
heat equation.

Example 4.1. Consider the equation 3—’; = % (gu) + %u” (see [10]) describing the diffusional
process in a field of force of weight, which is of the form (1)

D
Uy = St + gty (24)

with coefficients a = %, b = g,c = 0 and D, g are constants. This equation has K = 0
and satisfies the singular invariant equation (16). Therefore, it can be transformed into the
heat equation by Lie’s equivalence transformation. Using equations (21), the Lie equivalence
transformation through which the above-stated parabolic equation (24) is reduced to the heat

equation is
_ 1 B 2 x 1
I=—- T=—=——-
t Dt t

D\ '* g g’ x? 1 1 x
i =ut| = Syt ——— [ —=1.
“ “‘[< ) eXp{ p 20" T opi T4 Vb

There is another transformation (see [24, 26]) through which equation (24) is reducible to the
heat equation

g2
t X=x ﬁ:uexp(gx+7t).

Example 4.2. Consider the equation 3—’; = 83—; [(1 — x3)%u] (see [19]) describing models in
population genetics, which is of the form (1)

uy = (1 — x2)%uy — 8x(1 — xPuy — 4(1 — 3xD)u (25)

with coefficients ¢ = (1 — x2)%, b = —8x(1 — x?),c = —4(1 — 3x?). Equation (25) has
K = 0 and satisfies the singular invariant equation (16). Hence, equation (25) is reducible to
the heat equation by means of the equivalence transformation

_ 1 B 1 1+x 1
t=—-— Xx=—1In - —
t 2t 1—x t

1
3 /14+x\ & 1 1 1+x
i = u1(1 —x?)2 {+—+— In? .
o= w1l = %) <1—x> eXp{ 41 16tn<1—x>}

We can also get the following transformation (see [24, 26])

_ 1 1+
F=1 )"c=§1n< x) i =u(l — x2) 2.




Singular invariant equation for the (1 + 1) Fokker—Planck equation 11043

Example 4.3. Let us consider the equation g—’; = %;—; [x2(1 — x)z] (see [19]) also describing
models in population genetics, which is in the form (1)
u, = %(x —x) %y + 20 (x — x2)(1 = 2X)uy + a(1 — 6x + 6x>)u (26)

with coefficientsa = %(x—xz)z, b =2a(x—x?)(1-2x), c = a(1—6x+6x2). Equation (26)
has K = 0 and satisfies equation (16). Thus, equation (26) can be transformed into the heat
equation by means of Lie’s equivalence transformation

1 B 121 X 1
= —— X=,/—-1In - —
t at 1—x t

1
1/4 X T V2t at 1 1 X
7 —_— —+—+—1In? .
"= ( ) Vit - <1——x> eXp{g 4 2a1 " 1—-x}
It is also possible to obtain the following equivalence transformation (see [24, 26])

¢ al u(x—xz)%exp[%t].

~I

I=—t x=1In
2 1—x

7]

Example 4.4. Let us investigate another equation ‘3—? = 2 3x2 [(x — c)2 1+ ,8% [(x —c)u] (see
[19]) which also describes models in population genetics. This equation can be expressed in
the form of (1), i.e.

U = %(x — ) e + Qo+ B)(x — uy + (o + Bu @27

with coefficients a = %(x — c)z, b=Qa+p)(x—c),c=a+p and «, B are constants. One
can readily verify that equation (27) has K = 0 and satisfies the singular invariant equation (16).
Therefore, equation (27) is reduced to the heat equation by means of the transformation

_ 1 . /Eln(x—c) 1
f=—-— X=———-
t o t t

3 o In(x—c) 1

1
~1/4 <—+ Y e :-) +2B8) 1
ﬂ:(%) u\/;(x—c)zﬂ 2t 2t eXp{%t-FE}'
One can also derive the following transformation (see [24, 26])

=t X =2/aln(x —c) ﬁ—u(x—c)(i”ﬁ)ex {(’3—2 i ) }
= = = 77) exp oz+ +8 tt.

2

Example 4.5. Let us consider the Black—Scholes (see [3]) equation which is a primary
differential equation used to determine the appropriate price or theoretical value of an option
(an optimal portfolio problem) in the mathematics of finance

+ %Azxzu“ +Bxu, —Cu=0
where A, B and C are constants. We can readily verify that the invariant K = 0 and the

Black—Scholes equation satisfies equation (16). Therefore, the Black—Scholes equation can
be transformed into the heat equation by the equivalence transformation

1 V2 1
I =- X=—Inx— -
t At t
o\ —1/4 2
= A tx(f?2 s ln“ﬁ) exp L Ct— b
2 4¢ 2A2

where A 20, D = B — ATZ (see also [11]). The Black—Scholes equation is also transformable
into the heat equation by another equivalence transformation (see [11, p 396]) which can be
constructed in the same way.
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Example 4.6. Consider the equation ‘3—? = %(kxu) + %g% (see [10]) which has the form
of (1)

D
U, = Eum +kxu, +ku (28)

with coefficients a = %, b = kx,c = k and D, k are constants. This equation describes
the Ornstein—Uhlenbeck process. We have K = %kzx and equation (16) is satisfied.
Equation (28) has the following nontrivial Lie point symmetries

d d 2 0 0 d d
X, = ek Ly pxetkt L L2000k O X, =e L _pre 2k Ly gy 2
Jat dx D du Jat X ou
0 2 0 d 0
X;=e" — — Zkxue — X4 = — Xs=e M |
3 ax DM B 7 o . dx

Hence, the above equation (28) is reducible to the heat equation by means of the transformations
(4) and (5)

| e 1y Bk —eH

YN T — Y= T ok — ok

D\ 4 ke kil 1 k X 1 kt
_ —kt\1/2 2kt —kt
. (5) u@e” —e ™) eXp{e"’i —e’“(_l)xe _4/20+@e >_3}‘

The transformations also take the form (see [24, 26])

_ D
P= exp(2kt) ¥ = xexp(kt) i = uexp(—kt).

Example 4.7. The equation of the Rayleigh-type process, 3—’; = % [(yx - %) u] + %% (see
[24]), is of the form (1)
U, = ﬁu”+()/x— ﬁ) ux+(y+ﬁ)u 29)
2 x x?2
with coefficients ¢ = 5.b = yx — L, c = y + )’C‘—z, where u, y are constants. We have

K = “T”zx for this equation and equation (16) holds. Moreover, the nontrivial Lie point
symmetries of this equation (29) are

a a 2x? a
X| =e"— +yxe’ — —2(7/ a +7/) ue®”’ —
at dx %

0 0 0

X, = =2yt ~ =2yt ~ =2yt~

2EC e TV T
X; = eV'i <2ﬁ M) e}’li
ot w X au

0 0

Xg=e""— — Puer 2 =—

dx x ou ot

Also the above equation (29) is transformable into the heat equation by means of the

transformation (4), (5)
8 —yt
\/; yx —e™V

1
2y ert —e V! = Z ert —e !

N AR vt 12 1 Y 2 X 1 —pt 3yt
M—(E) ;(e — € ) expm BXC ——E'FQC —T .
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The transformation takes the form (see [24, 26])

= Lexp@yn  x=xepyn) = “exp(-2y1).
4y X

Example 4.8. The FP equation

8_u = —i[a(t)x +b(t)]u + c(t)az—u
ot 0x 0x2
(see [27]) is of the form (1) with coefficients a = ¢(t),b = —(a(t)x + b(t)),c = —a(t).
Equation (30) has K = (a’c + cd — ac¢)x +abc — bé + cb and the coefficients of this equation
satisfy the singular invariant equation (16). Therefore, equation (30) is reducible to the heat

equation by means of the equivalence transformation [24]

(30)

t=y(@) X = xexpla()} + B() i = uexp{—a(t)}

where

a(t) = — /t a(s)ds B(t) = — /rb(s) exp{a(s)}ds
0 0

y(t):/ c(s) exp{2c(s)} ds.
0

This transformation can be obtained from (22) and (23).

5. Concluding remarks

We have obtained two semi-invariants under the equivalence transformation (5) for the (1 + 1)
parabolic equation by the infinitesimal method. We have also derived the joint invariant
equation for the (1 + 1) parabolic equation and this equation is satisfied for all parabolic
equations which have nontrivial five Lie point symmetries in addition to the trivial homogeneity
symmetry u% and infinite superposition symmetries a% with o solving equation (1).
Moreover, we have proved sufficient conditions for reduction to the one-dimensional heat
equation. That is, these equations can be reduced to the heat equation via appropriate
Lie equivalence transformations (4), (5). Also, it has been verified by physical examples
4.6-4.8 that equations having five nontrivial Lie point symmetries cannot be reduced to the
heat equation by merely using the semi-invariant K but also the singular invariant equation
A =0 givenin (16). Finally, several physical examples were given to verify the general results
obtained.

If the singular invariant equation (16) is not satisfied, then the parabolic equation has
three, one or zero nontrivial Lie point symmetries.
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Appendix

Here, we derive the equations for the derivation of the joint differential invariants of (1) and
briefly state the method to obtain the singular invariant equation (16). We have (see section 3)
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pe = (=2a) pi + (=a) pu + (—ax)q, + 2a)qx + (2a)qix
px = (—ax) pr + (ax)qx + (2a)qxx
Mo = (=3ay) pr + (=3a,) py + (—a) py + (—2a)q: + 2an)qx
+ (=a)qu + (4a)qix + (2a)qux
Mex = (=2a1) pr + (—ax) pre + (—axx)qr + (Arx)qx + (ax)Gex + 2ar)qxx + (2a)qrxx
Pxx = (—@xx) pr + (3ax)qxx + (2a)Guxx
which are calculated by using the total differentiations

D—a+ 8+ 8+ 8+ +b8+b8+b8+
ot "9a T "o, T " oa, “ab " "k, T ob,
0 d 0 0 0 0
too—+ey—+en—+ -+ Kk —+ Ky —+Kjy——+- -+
dc dc; dcy 0K 0K, 0K,
d d 0 0 d 0 d A1)
D= —+a—+a,—+an—+ - +by—+byy— +by—+---
0x da day da; ab b, b,
d 0 d d 0 d
tox—t+enw—t+en—+ A Ky —+Kp—+ Koy — + -
ac dcy ac K 0K, 0K,

and p, i.e. for example
o= Di(w) — a; Dy (") — a.Dy(§%)
= D;(2aq, — ap;) — a; D;(p) — a,D;(q).
The other terms are calculated in a similar manner.
The infinitesimal test X J = 0 for the invariants J (a, a,, a,, d;;, a;, d.,; K) is written as

0J 0J
[2aq. — aPz]% +[(=2a,) p; + (—a) pi + (—a,)q; + 2a,)q, + (2a)q,x]£
t

0J
+[(—ax) pr + (ay)g, + (za)%cx]g +[(=3a;) pr + (=3a;) py + (—a) pu

X

0J
+(—2a:0)q; + 2ay)qx + (—ax)qi + (4a) g + (ZQ)ch]g

1t

+ [(_zal‘x)pl‘ + (_ax)ptt + (—Clxx)% + (atx)QX + (ax)qrx + (2at)QXx

aJ aJ
+ (2a)qrxx]— + [(_axx)pl‘ + (3ax)q.xx + (20)%:”]3—

Ba,x Ay x
+ [(=3K)p, + (aaxs — a; — a})q; + BK)qx + aqy + (aa) g + (—2a°) g1
0J
2 3
+ x) Gxxx T XxXxx | ~, — 0.
(a a )q a’q ] 9K
Equating to zero the coefficients of ¢yxxx, Grrxs Grxxs Grxx» Gix» 4xx and g, yields
0J aJ aJ aJ
aK aan aa,x aaxx
0J aJ 0J
— =0 =0 — =0.
day, da, da
Hence, there are no invariants J(a,a,, dy, d;, diy, dye; K) other than J = const.

Let us now consider the third-order differential invariants, i.e. those of the form
J(a,as, ay, Ay, sy, Qxy s Artry Arexs Qixx, Axxxs K, Ky, K,) for the once-extended generator (15)

X = 9 + 9 + 9 + 9 + 9 + 9 +T 0
=un Ja % Ba, Mox 8ax Mt 8a” Mix 861” Mxx 8axx 9K
a ) a a )
+ Mttt + Mertx + Mtxx + Moxxx + Fz — T Fx

0ay; 0a1y 00y 0y 0K; 0K, ’
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One can easily calculate (4, . .., tyry as we have found earlier for u,. We have

Moee = (—4ay) pr + (—6a1) pu + (—4a:) pus + (—a) pruae + (—3a12)q;
+ Qau) gy + (=3a)qu + (6a:)qix + (—ax) s + (6a;)quex + (2a) Gr11x
Morx = (=3aux) pr + (=3a) pu + (—ax) prr + (=20:1,)qr + (Q112) G
+(—ax)qu + (2ai)qix + 2an)qux + () quex + (4a)Grax + (2a)Grixx
Moz = (—2axx) pr + (—axx) P + (—Auxx)qr + (31 qux + (3ax)quax + (2a1)Grxx + (20)Griax
oxex = (—@xxx) Pr + (—@exe)qx + Glax)qux + (502)Gxrx + (2)Guexax
[y = (=4K)pi + (=3K) py + (@1@xx + ey — ay — 2axa, — Ky)q;
+ (3K,)gx + (aa” - af)q,, + BK +aia, +aa; ) g + (a)qu
+(aay)qux + (—4aa;)qrcx + (2aatax + azatx)q)cxx +(—=2a%)Guixx
+ (a%ax) Greex + (30°ar) Grxxx + (@) i
Iy = (=3K) pr + (@axex — e — axaxo)qr + 2K g + (ax)qu
+(2aa.x — a) G + GK)qux + (@) Gy + (—3aa)qrex + (a*axy + 2aa?) Gy
+(=2a))Grxry + (40701 ) qrrx + (@) Grrrxs-

The equation X J = 0, upon first equating to zero the terms With Qyxxxx, Grxxxxs Grexxs Qexxxs Prest
and then those With pr, Gxxxxs Grxxs Gxxxs Gies rxs x> Gx yields

dJ/0K, =0 dJ/0K, =0 dJ/day, =0 0J/0a;, =0 aJ/da;; =0
and

3J/da, =0 37 /daxs =0 3J/da, =0 3J/das, =0
3J/aK =0 3J/da, =0 3J/da; =0 3J/da = 0.

Thus, there is no third-order joint differential invariant. So, one must seek, as the next step,
the fourth-order joint differential invariants of the form

J(a5 Ay Ay, Qpry Qpxy Ay s Qrry Apxs Arxx s Qxxxs Areers Arrrx s Arexx s Arxxx s Axxxxs

Kv Ktv sz Ktts Ktxs Kxx)

for the twice-extended generator (15). We have the following equations by proceeding in the
same way as we have done before:

Morie = (=Sauu) pr + (=10ay,) pry + (=10a4) pue + (=5a1) pruse + (—@)priin

+ (—4au)q: + Ca)gx + (—6a::)qu + 8a1)qix + (—4a:1:) i

+ (12a11)quex + (—ax)qour + (@) Gruex + (2a)Gr111x
Marx = (—4a02) pr + (=6a42) pre + (—4ap) i + (—ax) pruae + (=3a11:2) s

+ (A1) qx + (=3a120)que + Ban)qex + Qay) Grx + (=) qin

+ (Bar)qux + (0a1)qrxx + (ax)Griex + (0a1)Grexx + (2a)Grrexx
Mirxx = (=30uxx) Pr + (=3ax) Pre + (=) Pror + (—201020) G + (—Axx)que

+ Ba)qxx + (6a1:)qrxx + 2a1)quxx + Bax)quax + (4a1)qrxxx + 2a)Grrxxx
Moxxx = (=201xxx) Pr + (=Gxxx) Pro + (—Crxxx)Gr + (—Qraxx)Gx + (—Qrxx )G

+(Bar)qxe + Baxc)qrxx + (51 )quxx + (5ax)Grxx + (2a1)Guxax + (2a)Graxax
Poxxxx = (=axoxe) Pr + (=205000)qx + 2axcx)Gex + Bax)qgrrx + (10:)quxxx + (20)Gxrxax
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Uy = (=5Ki)pr + (=TK)) pi + (=3K) pr1s
+ (anGxx +201G10y + dyex — Ay — 207, — 20,01 — 2Kix) 4y
+ BKi)qx + Qasacy +2aa,, — ay — 4aca;, — Ko)qu
+(6K; + anayx +2a1a;x + Q1) Gix + (aaxx - a,% + at)Qm
+ (3K +2a;a, +2ada;;)qux + (—461,2 — 4aar,)qm€
+ (2aaxatt +4aa,a;, + 2at2ax + azamc)q)cxx +(@)qu + (@ax)G11x
+(—8aa;)qxx + (4aa,ax + 2a2a,x)q,xxx + (6aat2 + 3a2a,,)qxxxx
+(=2a)Grrnx + (@2ax) Gurrrx + (6a°a) Grexsr + (@) Grrxsns

e = (—4K) pr + (=3K) pue
+ (@ lxxx = Quxlpy — Axlpxx + Alpxxx — Ay — Keo)gr + (2Ki2) g
+(axxx — Axx g + 2Ky + 201050 + 200100 — A1) qix + (3K1)Gux
+(ax)qur + (2aax)qux + QK — 3aa;, — 3a,ax)qxx
+ (4aa.a;, +2aa,a5, +2a,a; + @) Grre + (@ o + (=300 Grrxx
+ (Zaaf +a’a., — 4aa,) Gryxx + (4a2a,x + 8aa,ax)qxxxx + (=2a) Grrixx
+ (4a%ay) Grexsr + (36%a;) Grxxxr + (@) Grxxnax

Tov = (=3Ko) pr + (QGcxny — Qrer — asy) g1 + (Kix)qx + (@) Gor
+ (Badysx — 2a5x + axxc)qix + (SK)Grx + (2a:)quix
+ (—aaxx —a; — Saf)q,xx + (3K + Zai + 6aa,a,, + azaxm)q”x
+(@)Guixx + (—=7aa)qrcxx + (10aa; + 5%y ) Grrex + (=20 Grana
+ (7a%ay) quexer + (@) Grxnrax-

In the same manner as above, one can find that there are no joint differential invariants of
fourth order upon the insertion of the above equations into the twice-extended generator acting
on J, XJ = 0. Therefore, there is no alternative other than extending the operator (15) three
times. We shall look for the differential invariants of the form

J(a,as, ay, i, G, Ay, Qurry Qrixs ixxs xxxs Qrines Qrirx s Qrixx s Qrxxx s Guxxx s Qriee s Qugirx s Qrrrxx s

rrxxxs Arxxxx s Axxxxxs K Key Koo Kiry Koy, Ky, Koy Kioey Kixxy, Kaxx)
for the thrice-extended generator (15). We obtain the following equations
Werrrr = (—60auss00) pr + (—15a4140) pie + (—20a411) pree + (—15a41) Prose
+(=6a;) proier + (—a) Prarsee + (—Ssex)qr + Lan)qx + (—10a5102) Gie
+ (10ay11)qex + (—10a41,)G1ee + (200410 Grex + (=515 ) Gr11e
+(20a:) G + (—ax)Gueeee + (10a0)Gurex + 2a)Guirnex
atetx = (=50s112) pr + (= 101112) pre + (—=10a11x) Pree + (—=501x) Prase

+ (=a) prunr + (—4aucx)qs + Qe Gx + (—0a4123)Gsr + (4a1112) Gox
+ Qann)qxx + (=4a1)Ge + (0a11:)qrex + (8a11)qrxx + (=)ot
+ (4ar)Guie + (1261 Gruxx + (@) Gunx + (8a)quurxx + (2a)qrrrrxx

Marxx = (—4au1xx) Pr + (—6a11x) P + (—4a1cx) Prue + (=) Pruse + (=3 1022) G
+ (=3a1cx)qu + B )qrx + (—axx)que + (1) qrax + (20110 Gxx
+ 9ar)Girxx + (6a1)q1xxx + (3a2)Grurxx + (0a1)qrrxxx + 2a)Grrrxx



Singular invariant equation for the (1 + 1) Fokker—Planck equation 11049

Mitxxx = (—3airxxx) Pr + (—31xxx) P + (=) Prar + (—210x02) 1
+ (= raxx)qx + (—Qrxxc)Gir + (20100 Grx + (3s123)Gax
+ (= axx)Goox + (00123 Grax + (S )Grxx + (3axx)Grixx + (10a12) Griax
+ ay)Gxxxx + (5a2)Grrxaxx + (4a)qrxcax + (2a) Grrxxx
Pixxex = (—20pxxxe) Pr + (= Guxx) Pre + (= Grxexe)qr + (201000 )G
+ (20500 qix + Qarcrc)gxx + 2axxc)Grax + (81cx)Gxxx
+ Barx)qrrxx + (Tar)qrxxx + (1ax)qrrxex + (2a1)Grxxrx + (2a)Graxxax
Poxxxxx = (—Orxexe) Pr + (=3xxxxx)qx + (1002x2)Grxx + (15015 G
+(9ax) g xxxx + (2a)Gxxxxxs-

There is no need to calculate I';,,, I';;x, I'yxx, Iixx @as we have noted in earlier cases that J
does not depend on these variables. Proceeding in the same manner, one first arrives at the
equations

o, a7 0 o 0
0K B 0Ky B 0K xx B 0K ix B 011 B
aJ aJ aJ aJ aJ
=0 =0 =0 =0 =0 (A.2)
0y11x 0ay11xx 00yixxx 00 xxxx 0ayt
aJ 0J 0J 0J 0J aJ
01y 01y day, 0K, 0K, 0K,

It follows from equations (A.2) that J(a, a;, Gy, Gy, Gixy Gy, Qrixs Grxx s Qs Grxxxs Qs
Ayxxrxs Ky Ky, Kiy). Now the equation XJ = 0 reduces to the following system of 17
equations:

5 0J N , 0J —0 0J aJ _0 28] N aJ _o
) dare  9Ke D 9Kex
0J aJ aJ 0J aJ aJ

a ay =0 2a +a,—— +a +2a, =0
day 0y day 0y 0K, 0K x

aJ aJ aJ 0J
2a + 5a, —24? —Taa,—— =0
aaz‘xx aaz‘xxx aKX aK)C)C
aJ aJ aJ 0J
2a +9a, +a’ +7a%a, =
aaXXXX aaXXXXX aKX aK}C}C
aJ 0J 0J 0J aJ
Ay —— +lyx—— — A7 — Qx5 — Qx5 =
aan 8a,,x 0K aKx BKXX
aJ 0J 0J 0J aJ aJ
— +3a;— +a,—— + 3a;, + dyy + Aypx =
da; day 0a;x 0y« 00y 00 xxx
aJ 0J 0J aJ 0J 0J
2a +4a,—— +3a,—— +3a,, —— — 2a°— — 3aa, —
0a;y 0y 00;xx 00 yxx 0K 0K,
N 0J
— (aam +a; + 3ax) 0
aKxx
aJ aJ 0J 0J aJ 0J
2a +2a, +7ay +15a“7+a3—+4a2 .
aaXXX aaz‘xxx aaxxxx aaxxxxx 8K aKX
0J
+ (Sazaxx + lOaaf) =0
aKxx
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0J aJ 0J aJ 0J 0J
2a — +4a;— + ay—— +2a;, — Qyxx +aa,—
aaz aazt aatx aaztx aatxxx K
0J 0J
+ 2aay, — a,)R + Baday, — 2a;, + axaxx)m =0
0J 0J aJ aJ aJ aJ
2a +2a, +3a, +2a,, +3a;, + 30, ——
ay 0y Oayy 0y 0y 0y xx
aJ 0J aJ aJ
+3d,c——— + 20— + 3K +5K,—— =0 (A.3)
aal}C}C}C aaXXXX aKX aKXX
0J aJ 0J 0J aJ aJ
2a + 2a; + 5a, + S5a,, + 8ay, + 10a,x
aaXX aal}C}C aaXXX aanXX aXXXX aXXXXX
0J 0J
+a2ax— + (2aaf + azam) —_—
K 0K,
3 2 aJ
+ (3K +2a; +6aaya., +a axxx) —— =0
0K,
0J aJ 0J 0J aJ aJ
ay — + 2arx — + Ayx —— + 2atxx — + Ayxx 7 + Ayxxx
da; day 0a;x 0y« 00 xx 00 xxx
0J 0J
— (aa” —a; — af) ﬁ — (Alyxxy — Ay — axaxx)m
0J
— —_ —_— 2 ==
(ayrex — arex —aiy) K.
0J 0J aJ aJ aJ 0J 0J aJ
20— +2a;,— +a,— + 20, —— + Qi —— + Ay — Qyxy — gy ———
da da; day day; 0a;x 0ayx 0y 00 xxx
0J aJ 0J aJ 0J
20 x—— — 3yox—— +3K—+2K,—+ K,,—— =0
8aXXXX 8aXXXXX 8K aKX 8K)C)C
0J 0J 0J aJ aJ aJ 0J
— +2a;— +ay— +3ay— + 20— + Ay —— + 3aux
d da, day day 0a;x 0ayx 0y
0J aJ aJ 0J
+ zazxx + Axxx + zazxxx — t Axxxx ——— + Axxxxx
az‘xx 8aXXX a[XXX aXXXX aaxxxxx
0J aJ aJ
+3K— +3K,— +3K,, — =
0K 0K 0K,y

Writing the first equation of (A.3) in the characteristic form
daxxxxx _ dKXX _ d‘]

= A4
2 a? 0 (AD
it follows that
J = J(Ay; a,ar, Gy, Qs Qi s Qxxs Grrxs Qi Qx> Qe Gy Ko Ky)
where A| = 2K,y — a%dyrrxx 1S @ solution of (A.4).
We write the second equation of (A.3) in the following way:
0 d
= —a .
aal}C}C}C aKXX
Then, we have
XA = —2a Xajy =1 Xa=0 Xa; =0,... XK, =0.
Therefore, we have
dA;  da;, dJ
— = = —. (A.5)

2a 1 0
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Thus
J =J(Az;a,a, ax, i, Qix, Gy, Qrxs Gixx s Grxxs Grxxxs K, Ky

where Ay = 2K,y — @%Ayryxx + 2a0;cxx 1S a solution of (A.5).
If one follows the same procedure up to the seventh equation of (A.3), one will end up with

J = J(Bl; a,dp, Ay, Ary, Qxx, Axxxs K)
where
2
Bl =a (2Kxx — A" Axxxxx t zaazxxx - atzx) +axay — SaxKx - 3aaxazxx'

Proceeding in a similar way successively, one can obtain equation (16).
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